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Abstract. We study the Riemann curvature tensor of (re, ji, v)-spaces when 
they have almost cosymplectic and almost Kenmotsu structures, giving its 
writing explicitly. This leads to the definition and study of a natural generali- 
sation of the contact metric (re, /i, u)-spaces. We present examples or obstruc- 
tion results of these spaces in all possible cases. 



1. Introduction 

The study of the curvature tensor of a Riemannian manifold as a tool to classify 
it constitutes an important part of Differential Geometry. In particular, many 
advances have been made recently when the manifold is a generalized (k, /i)-space or 
a (k, fj,, ^)-space with constant </>-sectional curvature, called generalized (/t, /i)-space 
form and (k, fx, ^)-space form, respectively. These manifolds are considered of great 
importance by all researchers who are currently working on contact metric geometry 
and related topics. The contact metric (k, /i)-spaces were originally introduced 
(under a different name) by D. E. Blair, T. Koufogiorgos and V. J. Papantoniou in 
[4] as those contact metric manifolds satisfying the equation 

(1.1) R(X, Y)£ = k{ v (Y)X - V (X)Y} + »{r)(Y)hX - r)(X)hY}, 

for every vector fields X, Y on M, where k and /x are constants, h = l/2L^(f> and L 
is the usual Lie derivative. These spaces include the Sasakian manifolds (k = 1 and 
h = 0), but the non-Sasakian examples have proven to be even more interesting. In 
[19j . the contact metric generalized (n, /i) -spaces were introduced as contact metric 
manifolds satisfying the equation (|l.ip with k, /i functions. 

The curvature tensor of a contact metric (k, /i)-space form was shown by T. 
Koufogiorgos in [T7| to have the form 

F + 3 F — 1 / F + 3 \ 1 

R = ~^- R l + ~^— R 2 + ( — K ) R 3 + R ±+ + I 1 ~ 
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Y)Z = g(Y, Z)X - g(X, Z)Y, 
R 2 (X, Y)Z = g(X, ^Z)cpY - g{Y, 4>Z)4>X + 2g(X, 4>Y)<f>Z, 
R 3 (X, Y)Z = r)(X)r)(Z)Y - n(Y)n(Z)X + g(X, Z)n{Y)£ - g(Y, Z) V (X)^. 
R 4 (X, Y)Z = g(Y, Z)hX - g(X, Z)hY + g(hY, Z)X - g(hX, Z)Y, 
R 5 (X, Y)Z = g(hY, Z)hX - g(hX, Z)hY + g(<phX, Z)<j>hY - g(<phY, Z)<j>hX, 
R 6 (X, Y)Z = V {X) V {Z)hY - V (Y)T]{Z)hX + g{hX, Z) V (Y)( - g(hY, Z)rj(X)^, 

for every vector fields X, Y, Z on M, where F is the constant 0-sectional curvature. 

This result led the authors (jointly with M. M. Tripathi) to define in [B] a gen- 
eralized (k, [i)-space form as an almost contact metric manifold whose curvature 
tensor can be written as 

(1.3) R = f 1 R 1 + f 2 R 2 + f 3 R 3 + UR 4 + f 5 R 5 + f e R e , 

where f±, . . . , fe are functions on M and R\, . . . ,R§ the previously defined tensors. 
They denoted them by M[f\, . . . , Jq) and shortened their name to g.(n, y)-s.f. In 
that same paper, they also studied these spaces with contact metric structure in 
every dimension, giving examples of them for all cases. 

In a later work, [5] , they continued studying them when they have contact metric 
structure and showing what happens when they are Z3 a -homothctically deformed, 
which preserves their structure in dimension 3, although with different functions 
ft, . . . , fe- In dimension greater than or equal to 5, a small change in the definition 
was needed, which meant the introduction of generalized (k, fi) -spaces with divided 
i?5, denoted by Af(/i, . . . , /5,i, /s,2j /e)j as almost contact metric manifolds with 
curvature tensor of the form 



It is obvious that i?5 = R§,i — i?5,2, so the generalized (k, fi)-spaces with divided 
i?5 include the generalized (k, /i) -spaces. If we apply a D a -homothetic deformation 
to a contact metric generalized (k, [i)-space with divided i?5 of any dimension, we 
obtain another one (with different functions), which provides us with infinitely 
many examples. 

Going beyond generalized (k, fi)- spaces, T. Koufogiorgos, M. Markellos and V. 
J. Papantoniou introduced in [TH] the notion of (k, [i,v)- contact metric manifold, 
where now the equation to be satisfied is 



for some smooth functions n,pL, and v on M. 

They proved that this type of manifold is intrinsically related to the harmonicity 
of the Reeb vector on contact metric 3-manifolds. In dimension greater than or 
equal to 5, these manifolds must be (k, /Lt)-spaces but in dimension 3 there are 
examples with non-zero v and non-constant k or [i. Some other authors have 



with fx, 

(1.4) 

(1.5) 



R — flRl + /2-R2 + /3-R3 + /4-R4 + fb,\Rb,l + is, 2-^5,2 + feRe, 

■ , fe functions on M and i?5,i, i?5,2 the tensors 

R 5t i(X, Y)Z = g(hY, Z)hX - g(hX, Z)hY, 
R5MX, Y)Z = g{(j)KY, Z)4>hX - g{cj)hX, Z)<j>hY. 



(1.6) 



R{X,Y)i 



= n{r){Y)X ~ t](X)Y} + ii{rj{Y)hX - rj(X)hY} 
+ v{q{Y)(j)hX - r,{X)4>hY}, 



ALMOST COSYMPLECTIC AND ALMOST KENMOTSU (re, fj,, y)-SPACES 3 

also studied manifolds satisfying condition (|1.6[) . but with a non-contact metric 
structure. Such is the case of P. Dacko and Z. Olszak, who in [8] defined an 
almost cosymplectic (re, /i, v) -space as an almost cosymplectic manifold that satisfies 
(|1.6|) . but with re, /i, v functions varying exclusively in the direction of £. Later, 
they gave in [9] examples of this type of manifolds. G. Dileo and A. M. Pastore 
analysed in |15j the (re, /z)-spaces and the (re, 0, — /i)-spaces with almost Kenmotsu 
structure. Lastly, H. Oztiirk, N. Aktan and C. Murathan studied in [22] the almost 
a- cosymplectic (re, /x, ^)-spaces under different conditions (like ^-parallelism) and 
gave an interesting example in dimension 3. Some of their results are used in this 
paper but we later employ a different approach to the study of (re, ^i, z^)-spaces, 
concentrating on the writing of the curvature tensor and its relation to generalized 
(re, pL, z;)-space forms. 

Therefore, from now on we will denote by (re, /i)-space or (re, fj,, ^)-space an almost 
contact metric manifold satisfying equations (11.11) or (| 1 .€>[) , respectively, and we will 
specify its structure explicitly. 

Recently, the authors (jointly with K. Arslan and C. Murathan) proved in [2] 
that the curvature tensor of a (re, /i, z^)-contact metric manifold of dimension 3 is 
not unique and can be written, among others, as 

R = FRi + (F - k)R 3 + /ii? 4 + vR 7 = FRi + (F - k)R 3 + /ii? 4 - vRg, 

where Rj and Rs are the tensors 

(1.7) R 7 = g(Y, Z)<j)hX - g{X, Z)<f>hY + g((f>hY, Z)X - g(<j)hX, Z),Y, 

(1.8) Rs = J](X) V (Z)0hY - r,(Y) V (Z)0hX + g{(j>hX, Zr,(Y)H - g(<f>hY, Z)n{X% 

It is important to note that R7 — —Rs in dimension 3 but not in general. This 
led to the introduction in the same paper of the generalized (re, /it, 2/)- space forms 
as those almost contact metric manifolds whose curvature tensor can be written as 

(1.9) R = fxRx + f 2 R 2 + f 3 R s + UR4 + f 5 R 5 + feBe + frRr + fsRs, 

where Ri , . . . , Rs are the tensors previously seen in (|1.2[) , (jl.7l) and (|1.8[) . They 
shortened their name to g. (re, (i, u)-s.f. and denoted them by M(fi, ■ ■ ■ , fs)- They 
also studied these spaces with contact metric structure, giving examples or proving 
their non-existence in every dimension. 

Despite their technical appearance, there are good reasons for studying contact 
metric (re, /i, z;)-spaces and, therefore, generalized (re, fJ^v)- space forms. The first 
is that the condition (|1.6|) remains invariant under D-homothetic deformations, 
although the values re, /i and v may change. Moreover, these manifolds provide 
non-trivial examples of some remarkable classes of contact Riemannian manifolds, 
like CR-intcgrable contact metric manifolds, H-contact manifolds and harmonic 
contact metric manifolds. It is worth noting that there are non-trivial examples 
of such Riemannian manifolds, the most important being the tangent sphere bun- 
dle of any Riemannian manifold of constant sectional curvature with its standard 
contact metric structure. Finally, in some cases, the formula (|1.6j) determines the 
curvature tensor field completely, which will be written in terms of some of the 
tensors R±, . . . ,Rs- 

This paper is organised in two additional sections. In the first one we present 
some background which is necessary in order to follow this work. In the second 
one we study the (re, /z, J/)-spaces with almost cosymplectic and almost Kenmotsu 
structures, giving explicitly the writing of their curvature tensors. This will lead to 
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the definition of g.(n, fi, v)-s.f. with divided R5, of which we will provide examples 
or obstruction results in all possible cases. 

2. Preliminaries 

In this section, we recall some general definitions and basic formulas which will 
be used later. For more background on almost contact metric manifolds, we rec- 
ommend the reference [3]. 

An odd-dimensional Riemann manifold (M, g) is said to be an almost contact 
metric manifold if there exist on M a (1, l)-tensor field <j>, a vector field £ (called the 
structure vector field) and a 1-form 77 such that 77(f) = 1, 4> 2 X = -X + r)(X)£ and 
g(4>X, <j)Y) — g(X, Y) — r)(X)r)(Y) for any vector fields X, Y on M. In particular, 
in an almost contact metric manifold we also have (f>£ — and 77 o <\> = 0. 

Such a manifold is said to be a contact metric manifold if d?7 = where 
$(X, Y) = g(X, 4>Y) is the fundamental 2-form of M. 

On the other hand, the almost contact metric structure of M is said to be 
normal if the Nijcnhuis torsion [0, <f>] of <f> equals — 2dr/ ® £. A normal contact 
metric manifold is called a Sasakian manifold. It can be proved that an almost 
contact metric manifold is Sasakian if and only if 

(2.1) (y x <f>)Y = g{X,Y){-T){Y)X 

for any vector fields X, Y on M. Moreover, for a Sasakian manifold the following 
equation holds: 

i?(A,y)£ = 77(y)A-77(A)y. 

Given an almost contact metric manifold (M, </>,£, 77, g), a ^-section of M at 
p € M is a section II C T p M spanned by a unit vector X p orthogonal to £ p , and 
4>pX p . The (^-sectional curvature of II is defined by K(X, 4>X) = i?(X, <j)X, 4>X, X). 
A Sasakian manifold with constant (^-sectional curvature c is called a Sasakian 
space form. In such a case, its Riemann curvature tensor is given by equation 
R = fiRi + f 2 R 2 + f 3 R 3 with functions /1 = (c + 3)/4, / 2 = f 3 = (c - l)/4 and 
Ri , i?2 and R3 the tensors defined in (|1.2jl . 

It is well known that on a contact metric manifold (M,(t>,£,r],g), the tensor h, 
defined by 2h — L^4>, satisfies the following relations 

(2.2) fc£ = 0, V x £ = -0X - h<f> = tr/i = 0, 77 o ft = 0. 

Therefore, it follows that a contact metric manifold is if-contact if and only if 
h = 0. 

An almost contact metric manifold is said to be almost cosymplectic if di] = 
and d$ = 0. A normal almost cosymplectic manifold is cosymplectic. We will 
say that an almost contact metric manifold is almost Kenmotsu if c??7 = and 
rf$ = 277 A <f>. A normal almost Kenmotsu manifold is Kenmotsu. In [16], T. W. 
Kim and H. K. Pak defined the notion of almost a- cosymplectic manifold as such 
an almost contact metric manifold satisfying drj = and d$ = 2a?7 A $. These 
manifolds include trivially the almost cosymplectic (a = 0) and almost Kenmotsu 
ones (a — 1). A normal almost a-cosymplectic manifold is a-cosymplectic. 

Similar formulas to the ones we had in the contact metric case also hold on a- 
cosymplectic manifolds, where we know that h is a symmetric operator satisfying 
that pi]: 

(2.3) h£ = 0, Vx£ = -udpX - tf>hX, h<j> = -<j>h, trh = 0. 
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These results have also been proved when a = (almost cosymplectic manifolds) 
in [10] and when a = 1 (almost Kenmotsu manifolds) in [14] . 

3. Almost cosymplectic or almost Kenmotsu generalized 

(re, [I, ^)-SPACE FORMS 

In this section we will study how (re, /i, ^)-spaces behave when they have almost 
cosymplectic or almost Kenmotsu structures. Firstly, we will present some results 
from [22 which are true for a-cosymplectic manifolds and therefore on almost 
cosymplectic (when a = 0) or almost Kenmotsu ones (when a = 1). Later, we 
will study both structures separately as we will use different approaches in order 
to obtain the writing of the curvature tensor of a (re, \i, i/)-space. 

Proposition 3.1 (22\). Given M an almost a- cosymplectic (re, fi, v)- space, then 

(3.1) h 2 = {k + a 2 )c/) 2 , 

hence re < —a 2 and re = —a 2 if and only ifh = 0. Moreover, the next formulas are 
satisfied 

(3.2) £(re) = 2(re + a 2 )(t/-2a), 

R& X)Y = K (g(X, Y)£ - n{Y)X) + fi(g(hX, Y)£ - n(Y)hX) 
( ' ' +v{g(4>hX,Y)Z-n(Y)<t>hX), 
(3.4) 

{\J Y <t>h)X - (W x cf>h)Y = (re + a 2 )(T](Y)X - n(X)Y) 

+ n{r/{Y)hX - r){X)hY) + {v - a){n{Y)ct)hX - T){X)4>hY), 

(3.5) {Vx<t>)Y = g(a<j>X + hX, Y)£ - n(Y)(a(j)X + hX), 

(3.6) 

(V Y h)X - (V x h)Y - (re + a 2 ){n(X)cj>Y - r)(Y)<f>X + 2g(X, 0F)O, 

+ v(7](X)4>hY - r)(Y)<j>hX) + {a- v){n{X)hY - n{Y)hX), 
for any X, Y vector fields on M . 

Theorem 3.2 (|22j). On an almost a- cosymplectic (re, fi, v)- space of dimension 
greater than or equal to 5, the functions re, fi and v only vary in the direction of £, 
i.e. X(k) — X(fi) — X(y) — for every vector field X orthogonal to £. 

We will now focus on the almost cosymplectic (re, /i, ^)-spaces, which have already 
been studied by other authors in some particular cases. For /j, = v = 0, P. Dacko 
published 7., where he proved that re must be constant, and H. Endo presented 
multiple results in [TU] and [TT] . This last author also examined in [T2] and [12] the 
(re, /i, ^)-spaces with constant re, fi and v = 0. Later, P. Dacko and Z. Olszak studied 
in [5] and [5] the almost cosymplectic (re, jjL, f )-spaces with re, /j, and v functions that 
only vary on the direction of the vector field £. 

We now present a result that is valid for any functions re, \x and v. 

Proposition 3.3. Let M 2n+1 be an almost cosymplectic (re, n,v)-space. Then 

(3.7) V^(/>/i =fj,h + vcj)h, 

for every X,Y differentiate vector fields on M. 

If re = 0, then h = and M is a cosymplectic manifold if its dimension is 3. 



6 



A. CARRIAZO AND V. MARTIN-MOLINA 



If k < 0, the eigenvalues of h are (with multiplicity 1) and ±A = ±y/—K 
(each one with multiplicity n). Moreover, fi — — 2g{\/^X, <j)X) holds for every X 
eigenvector of h associated to the eigenvalue A or —A. 

Proof. If k = 0, then h = and, by virtue of (|2.3[) . we obtain that V£ = 0. When 
M is of dimension 3, it is enough to apply Corollary 5.6. of [20], which says that 
an almost contact metric manifold of dimension 3 is cosymplectic if and only if 
V£ = 0. 

Choosing Y = £ in (I3.4j) (with a — 0), we deduce that 

(V£<j)h)X - (Vx(f>h)£ = ~k(/) 2 X + fihX + v<t>hX. 

On the other hand, using (|2 . 3[) and (|3.1[) . then 

(Vx#)£ = V x #£ - = = -<j) 2 h 2 X = h 2 X = n<j) 2 X, 

and substituting in the last equation we obtain (|3.7[) . 

If k < 0, by the properties of <fi and of h we know that the eigenvalues of h are 
(with multiplicity 1) and ±A = ±V — K (each one with multiplicity n). Let us 
take a unit vector field X, eigenvector of h associated to the eigenvalue A = \/— n 
(denoted by X e D(X)), which is orthogonal to ^ and satisfies by (|3.7j) that 

(3.8) {V^h)X = [ihX + v(j>hX = \[iX + \v<t>X. 
Taking the inner product of (|3.8|) with <fiX gives 

\v = + XgfytfX, cf>X) - g((f>hV 6 X, <f>X) = f(A) = 

from where (I3.2[) follows with a = 0. 

Taking now the product of (13.81) with X gives 

A/i = Xg(V ( (j)X, X) - g(V^X, cj>hX) = -2Ag(V c X, <j>X). 
Moreover, we know by hypothesis that A 7^ 0, so [i — —2g(W^X, cj)X) for every unit 

x e D(\). 

If we take X a unit eigenvector of h associated to the eigenvalue —A, we get 
again the same two equations. □ 

By Theorem l3.2[ if an almost cosymplectic (k, /1, ^)-space is of dimension greater 
than or equal to 5, the functions K,fj, and v only vary in the direction of £, hence 
we can use the results of and [9] , some of which will be summarised below. The 
case of dimension 3 will be studied apart later. 

Proposition 3.4 ( 8 ]). Let M 2n+1 be an almost cosymplectic (k, /j,,u)-space, where 
K,(J,,v only vary in the direction of £. 

If k = on some point of M, then n is the identically zero function on M and 
h = 0, so R(X,Y)£; = for every X,Y on M. Moreover, M is locally the product 
of an open interval and an almost Kahler manifold. 

If k < 0, then the eigenvalues of h are (with multiplicity 1) and ±y/—K (each 
one with multiplicity n). In particular, k is constant if and only if v = 0. 

We will consider a D-homothetic deformation of the almost contact metric struc- 
ture (<f>, £, 77, g) defined as [8] 

(3.9) 4> = (f>, I = -U, rj = fir), g = ag + ((3 2 - a) V ® 77, 
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where a is a positive constant and (3 a function that only varies in the direction of 
£ and is not zero on any point of the manifold. 

Proposition 3.5 (|8J). If (M,(j),^,r],g) is an almost cosymplectic manifold, the 
tensor h and the Levi-Civita connection V of the deformed manifold are related to 
the original ones the following way: 

(3.10) 7l= l h > 



(3.11) V X Y = V X Y - j ±—^ g { ( j ) hX, Y)£ + ^r){X)r,{Y)£, 



for all X, Y vector fields on M . 

Hence the almost cosymplectic (k, spaces with k,,[i,v varying only in the 
direction of £ are deformed in almost cosymplectic (7c, 7-7, 77) -spaces with 

« — m __ vj-m 

K ~W' J 2 ' 

where 7c, 71, 77 only vary in the direction o/£. 

Therefore, every almost cosymplectic (/c, fx, v) -spaces with k < can be deformed 
in an almost cosymplectic (— 0) -space with~p = fi/\— >c. 

We will now study the curvature tensor of an almost cosymplectic (/c, /i, z^)-space. 
If k = 0, then we know its local structure by virtue of Proposition 13.41 If k < 0, 
then it follows from Proposition 13 . 51 that we can obtain the writing of its curvature 
tensor by studying the form of an almost cosymplectic (/c, /i)-space. Using formula 
(|3.2j) . we know that these latter spaces satisfy £(/c) = 0, so in dimensions greater 
than or equal to 5, K would be constant and fi would only vary in the direction of 
£. This implies that we can also use [13] because, although in that article Endo 
focuses in almost cosymplectic (k, /x)-spaces with k, /x £ M, a review of the proofs 
reveals that they are also true if fj, is not constant but only varies in the direction 
of £. Hence Theorem 3.1 of [13] would look like this in our case: 

Theorem 3.6. If M is an almost cosymplectic (/c, fi)-space with n < 0, where n,[i 
only vary in the direction of £, then 

R{X X ,Y X )Z_ X = K {s{(f>Yx,Z-x)<f>Xx-g((l>Xx,Z-x)4>Yxh 

R(X-x,Y-x)Z x = K{g(<j>Y-x,Zx)cl>X-x-g{<t>X-x,Zx)<t>Y-x}, 

R{X x ,Y-x)Z-x = - Kg{Xx,<t>Z-x)<i)Y-x, 

R(Xx,Y_x)Zx = -Kg{Zx,4>Y-x)4>Xx, 

R(X x ,Yx)Zx = 0, 

R{X_x,Y_x)Z-x = 0, 

where X±x,Y±x,Z±x are eigenvectors of h associated to the eigenvalues ±A = 



Using the previous theorem and formula (|3.3[) . we will give explicitly the form 
of the curvature tensor of an almost cosymplectic (K,/x)-space with k < 0. 

Theorem 3.7. Let M be an almost cosymplectic (/c, fi)-space of dimension greater 
than or equal to 5 with k < 0. Then its Riemann curvature tensor can be written 
as 

R = —KR3 — Rba — /J-Re, 
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where R 3 ,Rq are the tensors defined in (|1.2j) and i?5 ; 2 is the one in (|1.5|) . 

Therefore, M is a g.(«, //)-s.f. with divided i?5 M(f%, . . . , /5,i, /s,2) /e) wif/i 

A = A = 0, / 3 = -rt, / 4 = f 5 ,i = 0, / 5 , 2 = -1 and / 6 = . 

Proof. As k < 0, wc know by Proposition GO that TM = D(\) 8 £>(-A) < £ >, 
where A = — k > . Given a vector field X on M , we can write X = X x + X- X + 
r](X)£, where X±\ is an eigenvector of h associated to the eigenvalue ±A. Then, 
by the properties of R we obtain that 

R(X, Y)Z =R(X X + X_ x , Y x + Y_ X ){Z X + Z_ x ) + r)(X)R(^ Y)Z 
+ n{Y)R{X, §Z + 7 1 (Z)R(X X + X_ A , Y x + Y_ A )£, 

from which, using (jl.f p . we get 

R{X, Y)Z =R(X X + X_ A , Y x + Y_ X ){Z X + Z_ x ) 
' 12 * + ri(X)R(i, Y)Z + r}(Y)R(X, £)Z. 

It follows from equation (|3.3p (with v — 0) and the definition of the tensors 
R\ 5 • • • 5 Rq that 

(3.13) r)i x )R{t, Y ) z + V(Y)R(X, £)Z = -kR 3 {X, Y)Z - ^R 6 {X, Y)Z. 

By Theorem 13.61 we obtain that 
R(X X + X_ X ,Y X + Y_ X )(Z X + Z_ x ) = K{(g(X x , <\>Z_ X ) - g(X_ x , <f>Z x ){cf>Y x - 0F_ A ) 

- (,g(y A ,0Z_ A ) - g(Y- X ^Z x )){4>X x - 0X_ A )}. 
From the decomposition X = X x + X- X + r](X)£,, it can be deduced that X x = 
^ fx - r)(X)£ + jhx\ and that Jf_ A = i ( X - n(X)£_ - jhX^j , hence 

r(x x +x_ x , y x + y_ A )(z A + z_ A ) = 

(3 14) k 

= -^(-g((f>hX,Z)4>hY + g(cf>hY,Z)(f)hX) = -R 52 (X,Y)Z. 
\ z 

Substituting (|3~13)) and (|3~14l) in ([3~12|) . we conclude that 

R{X, Y)Z = -kR 3 {X, Y)Z - fiR e (X, Y)Z - R 5}2 (X, Y)Z, 
for all X, Y, Z vector fields on M. □ 

Remark 3.8. By the previous theorem, every almost cosymplectic (k, 0)-space with 
constant k < has curvature tensor R = —kR^ — R^^, which coincides with Lemma 
5 from [7] . 

Example 3.9. P. Dacko and Z. Olszak gave in [9] models of examples of almost 
cosymplectic {— 1, /i, 0)-spaces, which they denoted by N(fi). By virtue of Theorem 
\3. 7[ these spaces are g.(K, /i)-s.f.'s with divided R5 M(/i, . . . , fei, fs,2, fe) with 
functions 

h = h = 0, / 3 = 1, fi = /s,i = 0, / 5 , 2 = -1 and f 6 = -fi. 

We will use now the Z?-homothetic deformations given by (|3.9j) in order to obtain 
from the previous theorem the curvature tensor of an almost cosymplectic (k, [i, v)- 
space of dimension greater than or equal to 5 and k < 0. 
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Corollary 3.10. If M is an almost cosymplectic (k, [i, v)-space of dimension greater 
than or equal to 5 and n < 0, then its Riemannian curvature tensor can be written 
as 

R = — kRs — ^5,2 — i^R& — isR$. 

Proof. If we decompose every vector field on M as X = X + rj(X)£, where X is a 
vector field orthogonal to £, we obtain: 

R(X, Y)Z = R(X, Y)Z + r)(X)R(£, Y)Z + r 1 {Y)R{X, £)Z. 

Using formula (|3 . 3[) and the definition of the tensors R\ , . . . , i?g , it follows from 
a direct computation that 

v(X)R(t Y)Z + v(Y)R(X, £)Z = -kR 3 (X, Y)Z - fiR 6 (X, Y)Z + vR s (X, Y)Z, 

which substituted in the previous equation gives 

(3.15) R(X, Y)Z = R(X, Y)Z - kR 3 (X, Y)Z - fj,Re(X, Y)Z + vR s (X, Y)Z. 

We do not know, in general, R(X,Y)Z on a (k, fx, z^-space, but if we use the 
D-homothetic deformations (|3.9[) with a = 1 and j3 = y—K, we obtain that the de- 
formed manifold is a (— 1, /J)-space, with ~p = n/yf— K. This is thanks to Proposition 
13.51 which can be applied because the functions k, /z, v only vary in the direction of 
£ (Theorem [33). 

Given a vector field X, orthogonal to £ with respect to g, then it is also orthogonal 
to £ with respect to g. Therefore, the next formula follows from Theorem 13.71 and 
the fact that h£ = 0: 

R(X, Y)Z = R 3 (X, Y)Z - R 5}2 (X, Y)Z - JlR 6 (X, Y)Z = -R 5 , 2 (X, Y)Z, 

for every vector fields X, Y, Z on M. Moreover, if we use p.9[) and (|3.10j) . we obtain 
that R 5 , 2 (X,Y)Z = -1/kR 5 , 2 (X,Y)Z for every X, Y, Z, so 

(3.16) R(X,Y)Z= -R 52 (X,Y)Z. 

It is now enough to see the relation between R(X, Y)Z and R(X, Y)Z. 

If we substitute a = 1 and /? = y/— n in the formula p. lip and use (|3.2|1 . we 
obtain that 

VxY = V X Y - ^-g{4>hX,Y)£ + ur](X)r](Y)£. 

K 

By the definition of the Riemannian curvature tensor 

R(X,Y)Z = V^V ? Z- V ? V^Z- V [j? ?] Z 

and the fact that X(n) = Y(n) = (Theorem l3.2[) . after some computations we get 

(3.17) ^ 

R(X, Y)Z = R(X, Y)Z + K ^{- g {4>hY, Z)V ^ + gfahX, Z)V Y £ 

+ (gtfhY, Vjf Z) - 9 {4>hX, V 9 Z) + Y(g(4>hX, Zj) - X(g(^hY, Z)) 
+ g(<j>h[X,Y},Z))Z). 
On the other hand, Vj^£ = — \/ — kV %£ = \/—iz4>hX = —<fihX, so 
-g{<t>hY,Z)V^£+g{4>hX,Z)V^ = g(4>hY,Z)(t>hX-g(4>hX,Z)(f>hY = R 5t2 {X,Y)Z. 
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By the properties of the Levi-Civita connection and the equation (|3.4[) , we have 
g(<f>hY, V%Z)- g(<f>hX, VyZ) + Y{g(cphX, Z)) - X(g(<phY, Z)) 
+g{<f>h[X,Y], Z) = g{{Vy^h)X - {W^h)Y, Z) = 0. 
Using the last two formulas in (13. 1T[) . we get 

R(X, Y)Z = R(X, Y)Z + 1±±R a 2 (X, Y)Z, 

K 

with substituting in (|3.16p gives 

(3.18) R(X, Y)Z = -R 5 , 2 (X, Y)Z, 

for every vector fields X, Y, Z on M. 

Substituting (|3.18[) in (|3 . 1 5[) . we conclude that 

R(X, Y)Z = -kR 3 (X, Y)Z - /ii? 6 (X, Y)Z + uR s (X, Y)Z - R 5 , 2 (X, Y)Z, 

for every X, Y, Z vector fields on M . □ 

Corollary 13.101 suggests that it would be useful to introduce the concept of 
[I, v)-s.f. with divided R§ in the same way that it was done with g.(n, fJ-)-s.f. 's 
with divided R$ in [5]. 

Definition 3.11. A g.(n, fi, v)-s.L with divided i?5 M(/ 1; . . . , / 51 , f 5 2 , ■ ■ ■ , fs) * s 

an almost contact metric manifold whose curvature tensor can be written as 

R = f\R\ + ./2-R2 + ./3-R3 + hRi + fb,\Rb,i + h, 2^5,2 + hR& + fiRn + f?,R?,i 
where fx, ■ • ■ , fs are functions on M , Ri, . . . ,i?g the tensors that appear in (|1.2p . 
i? 5 1 and R 5 2 the ones defined in (|1.4|) and (|1 .5p . and finally Rj and R s the ones 
in (TT7D and (fT7g|) . 

As i?5 = J?5 : i — i?5,2, it is obvious that every g.(n, fJL,v)-s.f- M{fi, ■ ■ ■ , fs) is 
a g.(n,[j,,is)-s.f. with divided R 5 M(/i, . . . , / 5) i, / 5)2 , . . . , fs) with / 5;1 = / 5 and 

/5 : 2 = — fb- 

By virtue of Corollary 13. lOi every almost cosymplectic (k, fj., i^)-space of dimen- 
sion greater than or equal to 5 with k < is a g.(n, fi, v)-s.f. with divided R§ 
M(fi, . . . , fs,i, /5,2, • • • , fs) with functions: 

/1 = h = U = /s,i = /7 = 0, /a = -k, /5,2 = -1, /e = —A*, /s = -f. 

We will later see that these manifolds cannot be <?.(«;, fi, v)-s.f. 's M(fx, . . . , fs), 
i.e. their curvature tensor cannot be written without dividing R$. This will jus- 
tify the definition of the g.(n, ji,v)-s.f.'s with divided R§. In fact, we will prove 
a more general result: the non-existence of almost cosymplectic g.(n, fi,v)-s.f. ! s 
M (/1, . . . , / 8 ) of dimension greater than or equal to 5 and k = ft — f% < 0. 

In order to do that, we will first present a couple of results. The proof of the 
first one is analogous to the one of Proposition 4.1 of [2], true for contact metric 
g.(ft, \x, v)-s.f. 's. This is possible because h is symmetric and anticommutes with <fi 
on all three structures: 

Proposition 3.12. // M(fx, . . . , / 5|1 , / 5 , 2 , . . . , fs) is a g.(«, /x, z/)-s.f. with divided 
i?5 with almost cosymplectic or almost Kenmotsu structures, then it is a (k, (a, v)- 
space with k = fx - f 3 , fi = / 4 - f 6 and v = f 7 - fs- 

We will now present a result that is true for manifolds of dimension greater than 
or equal to 5 but not of dimension 3, which will be studied at the end of the section. 
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Theorem 3.13. If M (/i, . . . , /5,2, ■ • • , /s) *s almost cosymplectic g.(n, fi, v)- 
s.f. with divided R5 of dimension 2n + 1 > 5 w«i/i k < 0, i/ien i/ie writing of its 
curvature tensor is unique. 

Proof. Let us suppose that we can write the Riemann curvature tensor of M as 

R = fiRi + /2-R2 + /3-R3 + /4-R4 + /s, 1-^5,1 + fhflRhfi + feRe + /7-R7 + /s-Rs 
and 

-R = /l-Rl + /2-R2 + /3-R3 + + /5,l-^5,l + /5,2-^5,2 + /e-^e + + 

for certain functions fi, f* , i = 1, . . . , 8. 

Then 
(3.19) 

(/1 - A*)fli + (/2 - / 2 *)^2 + (/ 3 - / 3 *)#3 + (/ 4 - ft)Ri + (hi - fli)Rs,i 

+ (/5,2 " /5, 2 )^5,2 + (/ 6 - / 6 *)#6 + (/7 - ft)R 7 + (fs - fs)R S = 0. 

On the other hand, we know by Proposition 13.121 that M is a (k, /i, ^)-space with 

K = /i — fi = fi - fS > 

(3.20) /i = u - h = ft ~ ft, 

v = h-h = f;-fi- 

Applying Proposition 13.41 we obtain that 

(3.21) TM = D{X) ® D{-X)<£> < £ >, 

where ±A are the eigenvalues of the operator h, A > and dimD(X) = dimD(—X) = 
n>2. 

If we take in the equation (|3.19|) vector fields I,F e D(X) unit and mutually 
orthogonal and Z — <f>X, then 

h - ti + A 2 (h,2 - / 5 *,a) = 0, f 7 - fi = 0. 

If we choose A, Z e Z)(— A) unit and mutually orthogonal and Y = (j>Z, the 
space satisfies that 

-(/a ~ /a*) + A 2 (/ 5 ,2 - / 5 * 2 ) = 0, / 7 - /; = 0. 
Taking X,Z E D(X) unit and mutually orthogonal and Y = <fiX, we get that 

h - /a = °- 

UX = Z€ D(X) is unit and Y = 0A, then 

-3(/a - /J) + A 2 (/ 54 - + A 2 (/ 5 , 2 - / 5 * 2 ) = 0. 

If we choose X, Y e -D(A) unit and mutually orthogonal and Z = X, we deduce 
that 

h - fl + 2A(/ 4 - ft) + A 2 (./s,i - /!,!) = 0, / 7 - /? = 0. 

Analogously, taking A, Y e D(—X) unit and mutually orthogonal and Z = Y, 
then 

h - fl - 2A(/ 4 - ft) + A 2 (/ 54 - /sV) - 0, / 7 - /; = 0. 
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Gathering all the equations, we obtain the next system: 

h-n + a 2 (/ 5 ,2-/5. 2 ) = o 

-(iW 2 *) + A 2 (/5,2-/ 5 *, 2 ) = o 

h-fi = o 

-3(/ 2 -/2*) + A 2 (/5,i-/ 5 *i) + A 2 (/ s , 2 -/ 5 * 2 ) = 

/ 1 -/ 1 * + 2A(/ 4 -/ 4 *) + A 2 (/ 5 , 1 -/ 5 * 1 ) = 

/ 1 -/*-2A(/ 4 -/l) + A 2 (/ 5) i-/ 5 * 1 ) = 

h-.fi = o 

which can be solved using that A > 0. Its solution would be: 

/i _ fi = Ii - ft =fi — ft = fs,i - ft, i = ha - ft,2 = fr — fl = 0- 

By equations (|3.20[) . we also have that 

h - ft = h - ft = h — fi = 0; 

and we conclude that fi — f* for every i = 1, . . . , 8. Therefore, the writing of the 
curvature tensor is unique. □ 

It is worth remarking that the previous theorem is also true if the structure is 
contact metric and k < 1 or if the structure is almost Kenmotsu and k < — 1: 

Theorem 3.14. //M(/i,...,/y,/5 i 2,...,/g) is a contact metric (resp. almost 
Kenmotsu) g.(K, /i, ^)-s.f. with divided i?5 of dimension In + 1 > 5 with k < 1 
(resp. k < —I), then the writing of its curvature tensor is unique. 

We can now prove the result we wanted. 

Proposition 3.15. There are no almost cosymplectic g.(n, ^)-s.f.'s M(/i, . . . , /s) 
of dimension greater than or equal to 5 with k = f\ — f% < 0. 

Proof. Suppose that there exists an almost cosymplectic <?.(k, /i, v)-s.f. M(fi, . . . , fg) 
of dimension greater than or equal to 5 with k = f\ — f% < 0. Then M is also 
a g.(n,ii,v)-s.f. with divided R 5 M(f x , . . . , f s ,i, fs,2, ■ ■ ■ , /s) with / 5;1 = / 5 and 

/5,2 = ~/5, SO 

R = flRl + / 2 -R 2 + /3-R3 + /4-R4 + /5-R5,l - /5-R5.2 + /6-R6 + /7-R7 + /8-R8- 

On the other hand, as the manifold is almost cosymplectic, it is also a (/1 — 
h,fi-h,h- /s)-space with / 1 - / 3 < 0, / 4 - / 6 and / 7 - / 8 varying only in the 
direction of £ (Proposition 13.121 and Theorem 13. 2p . Hence we can apply Corollary 
13.101 and obtain that the curvature tensor can be written as 

R = -(/l — f3)R3 — R5,2 — (fi — f6)R6 — (h — f8)R8- 

By Theorem 13.131 the functions of both writings of the curvature tensor must 
coincide, so we would have in particular that /s = and fa = 1, which is absurd. 
The non-existence is thus proved. □ 



Example 3.16. We already showed in Example \3.9\ that P. Dacko and Z. Olszak 
gave in [9] models of almost cosymplectic (— 1, y,, 0) -spaces. If we D -homothetically 
deform them, we obtain almost cosymplectic (~K 1 ~p,T') -spaces with 

1 n - M — m 
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By the previous remark, if these deformed spaces have dimension greater than or 
equal to 5, then they are g.(re, \x, v)-s.i.'s with divided R§ M(fi, ■ . ■ , fs,i, /s,2, ■ • ■ , fa) 
with functions: 



fi = h = 0, fa — ^j, fi — fa.i — 0, /s,2 — — 1, fe — — -5, A — 0, / 8 — 




It is worth noting that, in this case, fy t i ^ —fs,2 an d that fs is, in general, a 
non-constant function, hence these spaces are not g.(re, /i, 2/)-s.f.'s M{fi, . . . , fs) or 
g.(re, /x)-s.f.'s with divided i?5 M(fi, . . . , /5.1, ^5.2, /e)- This further justifies the defi- 
nition and study of the g.(re, /i, f)-s.f.'s with divided -R5 M(/i, . . . , /5.1, /s^, ■ • • , /s)- 

We can also use Theorem 13.131 to determine some of the functions of an almost 
cosymplectic </.(re, fi, v)-s.f. with divided R§ M(/i, . . . , /s^, • ■ • , fs) of dimen- 
sion greater than or equal to 5 with /1 — /s < 0. 

Theorem 3.17. Lei M(/i, . . . , /s,i, /s,2, . . . , fs) be an almost cosymplectic g.(re, /i)- 
s.f. with divided i?5. J/ its dimension is greater than or equal to 5 and f\ — fa < 0, 
then M satisfies 

h = h = fa = fs,i = fr = o, ha = -1, / 3 > 0, 

and fa,fe,fs are functions that only vary in the direction of i.e. M is a 
{-fa, -fe, ~fs)space with f 3 > 0. 

Proof. By Proposition ^. 121 we know that M is a (re, \x, ^)-space with re = f% — fa < 
0, /i = fi — fe and v = fj — f%- Therefore, we can apply Corollary 13. 101 which tells 
us that the Riemann curvature tensor can be written as 

R = —KRa - #5,2 — tJ-Re — vR& = —(fx - fa)R3 — R53 — {fi - /e)-Re - {h — /s)^8- 

By the definition of g.{n, fi, v)-s.f. with divided R$ and the uniqueness of the writing 
of the curvature tensor (Theorem 13. 13p . we obtain that 

h = h = h = h,i = h = 0, h.2 = -1. 

Therefore, re = -fa, n = -f& and v = -f s . By hypothesis, f 1 -f 3 = -/ 3 < 0, so 
/3 > 0. The rest of the result is a consequence of Theorem 13.21 □ 

We will now analyse the almost Kenmotsu (re, /1, i/)-spaces, which have been 
studied by other authors in some particular cases. For instance, G. Dileo and A. 
M. Pastore studied in [15] the almost Kenmotsu (re, ^t)-spaces and (re, 0, ^)-spaces 
with constant re, /i, v, although they used a different notation. Among other results, 
they proved that, if a (re, /i)-space is almost Kenmotsu, where re, fi G M, then re = — 1 
and h = (Theorem 4.1). If a (re, 0, ^)-space is almost Kenmotsu, with h ^ 0, then 
re < — 1 and v = 2 (Proposition 4.1). They also gave examples of almost Kenmotsu 
(-1 - A 2 , 0, 2)-spaces for all Ael. 

The equation (|3.ip of Proposition 13.11 (with a = 1) makes re play an important 
role when analysing the behaviour of the almost Kenmotsu (re, fi, z^)-spaces. We 
will now study these spaces distinguishing between re = — 1 and re < — 1, obtaining 
results that generalise those appearing in [15]. The proofs are similar and will 
therefore be omitted. 

Proposition 3.18. Let M 2n+1 be an almost Kenmotsu (re, fj,, v) -space. 

If re = —1, then h — and M 2n+1 is locally the warped product M' x p N 2n , 
where N 2n is an almost Kahler manifold, M' an open interval of coordinate t and 
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/ = ce 2t for some positive constant c. Moreover, it is a Kenmotsu manifold if the 
dimension is 3 (n = 1). 

If K < — 1 (ft ^ 0), then M is not Kenmotsu and the eigenvalues of h (equal to 
those of <ph) are (with multiplicity 1) and ±A = ±\/—l — re ^ (each one with 
multiplicity n). Moreover, fi = — 2g(\/^X, (j)X) holds for every X unit eigenvector 
of h associated to ±A. 

As it happened in the almost cosymplectic case, we know from Theorem l3.2l that. 
on an almost Kenmotsu (re, fi, v)-space of dimension greater than or equal to 5, the 
functions re, [i, and v only vary in the direction of £. 

We will now study the writing of the curvature tensor of an almost Kenmotsu 
(re, \i, z/)-space with re < — 1 (if k = — 1, we know its local structure by Proposition 
13.181) . We will first present some results that generalise the ones appearing in [TS] 
for (re, 0, z^)-spaces, where k and v are constant. The proofs are analogous and will 
be omitted. 

Proposition 3.19. Let M be an almost Kenmotsu (re, fi, v) -space with re < — 1. 
Then 

R(X, Y)cj)Z - (j)R{X, Y)Z = 

= g(cj) 2 X + 4>hX, Z)(4>Y + KY) - g(cj) 2 Y + <j>hY, Z)(<f>X + hX) 
+ g(cf>X + hX, Z)(4> 2 Y + 4>hY) - g{4>Y + KY, Z)(<j) 2 X + cj>hX) 
+ K(r,(Y)(g(<l>X, Z)i - n{Z)4>X) - r)(X)(g(<pY, Z)£ - v(Z)<pY)) 
-uR G {X, Y)Z + t iR 8 {X,Y)Z, 

for every X, Y, Z vector fields on M . 

In particular, if X, Y, Z are orthogonal to £, then 

R(X, Y)cj)Z - 4>R(X, Y)Z = 

(3.22) = g{-X + (phX, Z){<t>Y + hY) - g(-Y + <\>KY, Z)(<f>X + hX) 
- g(4>Y + hY, Z){-X + cj>hX) + g(<pX + hX, Z)(-Y + 4>hY). 

Lemma 3.20. Let M 2n+1 be an almost Kenmotsu (re, n,v)- space with re < —1 a 
function that only varies in the direction of ' £. Then 

{V x 4>h)Y = g((n + 1)4> 2 X - 4>hX, Y)£ 

+ 1](Y)((k + 1)4> 2 X - 4>hX) + v(X)(phY + {v - 2)4>hY), 

for every X, Y, Z vector fields on M . 

Proposition 3.21. Let M be an almost Kenmotsu (re, ii,v)- space with re < —1 a 
function that only varies in the direction of!;. Then 

(3.23) R{X,Y)cj)hZ - cj)hR(X,Y)Z = 

= (re + 2){g{Y, Z)4>hX - g(X, Z)4>hY + g{4>hX, Z)Y - g{(j)KY, Z)X), 

for every X,Y,Z vector fields orthogonal to £. 

Using the equations (I3.22|) and (|3.23[) , we can prove the following theorem anal- 
ogously to Proposition 4.2 of [15j . 
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Theorem 3.22. If M is an almost Kenmotsu (re, fj,, v)-space with re < — 1 a function 
that only varies in the direction of £, then 

R(X X ,Y X )Z_ X = 0, 

i?(x_ A ,r_ A )z A = o, 

R(X X ,Y_ X )Z_ X = -(re + 2).g(Yl A ,Z_ A )X A , 

R(X X ,Y_ X )Z X = { K + 2)g(X x ,Z x )Y_ Xl 

R(X X ,Y X )Z X = ( K + 2X)(g(Y x ,Z x )X x -g(X x ,Z x )Y x ), 

i?(x_ A ,r_ A )z_ A = ( K -2A)( 5 (y_ A ,z_ A )x_ A -. 9 (x_ A ,z_ A )r_ A ), 

where X± x , Y± x , Z± x are eigenvectors of 4>h associated to eigenvalues ±A = ±\/— 1 — re. 

By the previous theorem and formula (|3.3p , we can give explicitly the expression 
of the curvature tensor of an almost Kenmotsu (re, /z, z/)-space with re < — 1: 

Theorem 3.23. If M is an almost Kenmotsu (re, /z, v)-space with re < —1 a function 
that only varies in the direction of £, iften its Riemann curvature tensor can be 
written as 

R = -Ri - (re + l)i? 3 - R 5a - liR 6 + R 7 -{v- 1)R S . 

Therefore, M is a g.(re, jjL, z/)-s.f. with divided i?g M{f\, . . . , /5,i, /g^, ■ ■ ■ , /s) wiift 
functions 

fi = -l, / 2 = Q, / 3 = -(re+l), / 4 = 0, 

/5,i = 0, / 5 , 2 = -1, /e = — Mj A = 1, fs = ~{v - 1). 

Proof. As re < -1 we know by Proposition [37T81 that TM = D'(X) D'(-A)0 < 
£ >, where A = \J— 1 — re . Therefore, given a differentiable vector field X on M, 
we can write X = X x +X- X + r/(X)£, where X± x is an eigenvector of <j>h associated 
to the eigenvalue ±A, i.e. X± x 6 D'(±\). Hence, by the properties of the Riemann 
curvature tensor R we obtain that 

, x R(X,Y)Z =R(X X +X_ X ,Y X +Y_ X )(Z X + Z_ X ) 

3 24) 

V ' ; + v(X)R{^Y)Z + V (Y)R(X,S)Z. 

By formula Q3.3P and the definition of the tensors R%, . . . , Rg, we can prove that 

V (X)R(Z,Y)Z + Ti(Y)R(X,t)Z = 
^ ' ' - nR 3 (X,Y)Z - fj,R 6 (X,Y)Z - uR s (X,Y)Z. 

By virtue of Theorem 13.221 we obtain 

R(X X + X_ A , Y x + Y_ X ){Z X + Z_ x ) = (re + 2X)(g(Y x , Z X )X X - g(X x , Z X )Y X ) 
+ (re - 2A)( 5 (y_ A , Z_ A )X_ A - g(X_ x , Z_ A )F_ A ) 

+ (re + 2)(g(X x , Z X )Y_ X - g(Y_ x ,Z_ x )X x - g{Y x , Z X )X_ X + g{X_ x , Z_ X )Y X ). 
From the decomposition X = X x + X- X + n(X)£, we deduce that 

x x = Ux- v (x)( + \<Phx\ , x_ x = 1 (x - V {x)t - \<phx\ , 
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so by a direct computation: 

g(Y x ,Z x )X x -g(X x ,Z x )Y x = 

= ± (^(Rt + R 3 ) + ±R 5 , 2 + j(R; + /?, ))( X.Y)Z. 

fl (y_ A , z_ A )x_ A - <?(x_ A , z_ A )y_ A = 

\ ((Ri + R 3 ) + ^R 5 ,2 - j(R, + /?.s) ) ( .v. r iz. 

<?(X A , Z A )F_ A - g{Y_ x , Z_ X )X X - g{Y x , Z X )X_ X + g{X_ x , Z_ X )Y X = 

= \ (-(Ri + Rs) + Y2 R5 ' 2 ) Y ^ z - 

Therefore, it follows from A 2 = — (k + 1) that 
(3.26) R{X X + X_ X ,Y X + Y_ X )(Z X + Z_ X ) = {-R 1 - R 3 - i? 5 , 2 + R7 + R 8 ){X,Y)Z. 
Substituting (|3T25|) and ([3~26"1) in ([3~24]) gives us 

R = -R 1 -(k+ 1)R 3 - #5,2 - ,ui? 6 + R 7 - (v - l)i? 8 , 
the formula we were looking for. □ 

Remark 3.24. By Theorem \3.'A we can omit in the previous theorem the hypothesis 
"k is a function that only varies in the direction of £ " if the dimension is greater 
than or equal to 5. In dimension 3 it is possible to simplify the writing of the 
curvature tensor, as we will see later in Corollary \ 3. 3 2[ 

Example 3.25. By the previous theorem, the examples that G. Dileo and A. M. 
Pastore gave in |15j of almost Kenmotsu (— 1 — A 2 , 0, 2)-spaces, with A a positive real 
number, are in particular g.(/c, fx, v)-s.Vs with divided R$ M(/i, . . . , fe^, /5,2, • ■ • , fs) 
with functions 

/i = -l, / 2 = 0, / 3 = A 2 >0, / 4 = 0, 

/ 5 ,i = 0, /5,2 = -l, /e = 0, f T = l, h = -Y 

Moreover, as ff, fs 7^ and the writing of the curvature tensor is unique if these 
examples are of dimension greater than or equal to 5 (Theorem \ 3. 11$ , we know that 
they cannot be g.(K, /x)-s.f.'s with divided R5 M(f\, . . . , /5,i, /s,2, fe)- 

The almost Kenmotsu (k, /i, ^)-spaces of dimension greater than or equal to 5 
with k < —1 cannot be g.{n, (J., v)-s.f. 's, i.e. their curvature tensors cannot be 
written without dividing R 5 in i? 51 and i?5 i2 , as a consequence of Theorems 13.141 
and 13.231 Moreover, we can prove a more general result when the dimension is 
greater than or equal to 5. 

Proposition 3.26. There are no almost Kenmotsu g.(ft, fi, ^)-s.f.'s M(fi, . . . , fs) 
of dimension greater than or equal to 5 and k = fx — f 3 < —1. 

Proof. We will prove the result by contradiction. Let us suppose that M(fx, . . . , /g) 
is an almost Kenmotsu g.{n, /z, v)-s.f. of dimension greater than or equal to 5 with 
k < —1. Then M is also a g.(n, /1, v)-s.f. with divided R§ with fe\ = / 5 and 

/5,2 = ~h, SO 

R = flRl + /2-R2 + /3#3 + /4#4 + /5-R54 — fbRb.,2 + ^6^6 + /7-R7 + /g-Rg- 
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On the other hand, M is a (/i — fs>fi — /6, h — /s)-space with k = fi — fs < — 1 
a function that only varies in the direction of £ (Proposition ^. 12l and Theorem l3.2[) . 
Applying Theorem 13.231 we obtain that its curvature tensor can be written as 

R = -R 1 - (/i - h + l)i?3 - R 5 ,2 - {f a - h)R e + R7- (/ 7 -fs- 1)R S - 

By Theorem 13.141 the writing of the curvature tensor is unique, so we have in 
particular that /s = and fs = 1, which is absurd. □ 

We can also use Theorcm l3.14l to determine some relations between the functions 
of an almost Kenmotsu g.(n, /i, v)-s.f. with divided R§ M(f%, . . . , /g ; i, fe^, • • ■ , fs) 
of dimension greater than or equal to 5 with /1 - /s < -1, as we did in Theorem 
13.171 for the almost cosymplectic structure. 

Theorem 3.27. Let M(/i, . . . , /s,i, /s,2, • ■ • , fs) be an almost Kenmotsu g.(K, 
s.f. with divided R5. If M is of dimension greater than or equal to 5 and satisfies 
fi —fa < —1, then M verifies 

.h = -1, / 2 = U = h,x = 0, ha = -1, h = 1, h > 0, 

and /3,/e,/8 are functions that only vary in the direction of £, i.e. M is a (—1 — 
f3, ~fe, 1 ~ fs)space with f 3 > 0. 

Proof. By Theorem l3.121 we know that M is a (k, /1, z^)-space with k = f\ — /a < — 1, 
fi = fi — fa and v = fj — fg. We can therefore apply Theorem I3.23| which says 
that the Riemann curvature tensor can be written as 

R = -Rx- (A - h + 1)^3 - #5,2 - (U - f 6 )R 6 + R7- (h -fs- l)Rs- 

By the definition of g.(n, /i, v)-s.f. with divided R§ and the uniqueness of the writing 
of the curvature tensor (Theorem 13. 14j) . we obtain that 

h = -1, h = u = hi = 0, ha = -1, h = 1. 

Therefore, k = -I-/3, M = ~fe and v = l-/ 8 . By hypothesis, /1-/3 = -I-/3 < 
— 1, so / 3 > 0. The rest of the result is deduced from Theorem [321 D 

Finally, we will see what happens to an almost cosymplectic or almost Kenmotsu 
(k, /i, ^)-space of dimension 3. Using formula p.3[) . we can prove an analogous result 
to Theorem 3.1 of [2]. 

Theorem 3.28. Let M 3 be an almost cosymplectic (resp. almost Kenmotsu) 
(k, ^,iy)- space with n < (resp. k < —1). Then its curvature tensor can be written 
as 

R = - 2k) Ri + - 3k) R 3 + ijlRa + vR 7 , 

where r is the scalar curvature of M and the tensors R±, i?3, -R4, R7 are the ones 
that appear in (|1.2[) and (|1.7[) . 

Proof. Firstly, we recall a formula that is valid for every Riemannian manifold of 
dimension 3: 

R(X, Y)Z = g(Y, Z)QX - g(X, Z)QY + g{QY, Z)X - g{QX, Z)Y 
(3 ' 27) - T -{g{Y,Z)X-g{X,Z)Y), 
where Q is the Ricci operator and r = trQ. 
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We now take a ^-basis {E, 4>E, £} such that hE — XE, where A = \f— k (resp. 
A = V - 1 — K ), which is possible thanks to Proposition ^. 31 (resp. Proposition l3 . 181) . 
Using formula p.3[) and this basis, we can compute 

Q£ =R(£, E)E + </>E)4>E + R(£, £)£ = (« + A/x)£ + (k - X^ = 2k£. 

Making Y = Z = f in @37) and using that Q£ = 2< and F) = £/(QY, AT), 

we obtain: 

= ( 2/t - x + (i - 4k ) rt*)* + 

Using again formula (|3.3|l . it follows that 

QX =R(X, - (2k - I) X - (I - 4k) r?(X)C 

= Q - k) X + (3k - r;(AT)C + /uhX + f#X 

Substituting this expression of QX in (|3.27p and applying the definitions of Ri,R$, 
i?4 and i?7, we obtain the equation we were looking for. □ 

We will now see a result that was proved for contact metric (k, /i, z^)-spaces with 
K < 1 in [2]: 

Proposition 3.29. Le£ M 3 fee an almost cosymplectic (resp. almost Kenmotsu) 
(k, [A, v)- space with n < (resp. K < —1). Then its tp-sectional curvature is F — 

- - 2k. 
2 

Proof. Since the manifold is of dimension 3, the ^-sectional curvature does not 
depend on the choice of the ^-section. Hence we can take F = R(E , cf>E , cf>E , E), 
where E is an eigenvector of h of eigenvalue A > thanks to equation ()3.1j) and the 
fact that k < (resp. equation p.l[) and k < —1). 
It follows from Proposition 13.281 that 

F = R(E,(j)E,(j)E,E) = - 2k) Ri(E,<f>E,</>E,E) + (~ -3k) R 3 (E , <pE ', <pE ', E) 

+ [xR 4 (E, 4>E, 4>E, E) + vR 7 {E, <f>E, cj)E, E). 

A straightforward computation using the definition of the tensors R\ , . . . , Rj 
gives us the formula we wanted. □ 

Therefore, Theorem 13.281 can be rewritten as: 

Corollary 3.30. Let M 3 an almost cosymplectic (resp. almost Kenmotsu) (k, /i, v)- 
space with k < (resp. k < — 1). Then its curvature tensor has the form 

R = FRi + (F - k)R 3 + /ii? 4 + vR 7 , 

where F is the <p-sectional curvature and R±, i?3, i?4, Rj are the tensors defined in 
(|1.2|) and (jl.7|) . In particular, M is a g.(«, /it, v)-s.L M(F, 0, F — k, fx, 0, 0, v, 0). 

Remark 3.31. /£ is worth noting that the expression of the curvature tensor given 
in the previous corollary coincides with the one obtained in Corollary 3.3 of [5] for 
contact metric (k, /x, v) -spaces of dimension 3. This is because the tensor h satisfies 
the same properties in the three structures (almost cosymplectic, almost Kenmotsu 
and contact metric): it is symmetric and anticommutes with (f>, by equations (|2.2p 
and 123]) . 
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Under some extra hypotheses, we can write F in terms of k, so the curvature 
tensor would be completely determined by the functions k, /i and v. 

Corollary 3.32. Let M 3 be an almost cosymplectic (k, ii,v)- space. If n < 0,n,v 
only vary in the direction of £, then its curvature tensor can be written as 

R = —kRi — 2kRs + /ii?4 + vRt, 

where R±, R 2l Ra, R7 are the tensors defined in (|1.2p and (11.71) . 

Let M 3 be an almost Kenmotsu (k, /x, v) -space. If k < —1 is a function that only 
varies in the direction of then its curvature tensor can be written as 

R = -(k+ 2)i?i - 2(k + l)i? 3 + M-R4 + vRi- 

Proof. Since the manifold is of dimension 3, it follows from Proposition 13.31 that 
when M is almost cosymplectic we can take F = R(E, 4>E, <f>E, E), where E is an 
eigenvector of h associated to the eigenvalue A = \J — k > 0. 

We do not know in general the (/>-sectional curvature of a (k, ^)-space, but we 
can use a D-homothetic deformation ()3.9j) with a — 1 and (3 — y/—K to obtain a 
(— l,/l)-space with pZ = n/y/— k. 

Reasoning analogously to the proof of Corollary 13.101 we get that, for every 
X, Y, Z vector fields on M 

R(X, Y)Z = R{X, Y)Z + ^-R b 2 {X, Y)Z, 

K 

where X = X + r](X)£ and X is orthogonal to £. 
Therefore, we have in particular that 

(3.28) F = R(E, 4>E, 4>E, E) = R(E, <f>E, (f>E, E) - ^-^-R 5 2 (E, 4>E, 4>E, E). 

On the other hand, since E is an unit vector field with respect to g and orthogonal 
to £, by (13.91) it is also unit with respect to g~ and orthogonal to £, so it follows from 
Theorem 13.61 that 

R(E, 4>E, 4>E, E) = g(E, fE)g($ 2 E, E) = 1. 
By the definition of the tensor R$ 2 and the properties of h (formulas (jl.5|) and 

my- 

R 5 . 2 (E, <pE, <f>E, E) = g{(j)hE, E) 2 + g{hE, E) 2 = X 2 = -k. 

Substituting the last two equations in (|3 . 28[) we obtain that F = —k, which 
jointly with Corollary 13.301 gives the result we were looking for. 

If M is almost Kenmotsu, then we can take E an eigenvector of 4>h associated 
to the eigenvalue A = \/— 1 — A ^ by virtue of Proposition 13.181 We know by 
Theorem [321 that F = -{k + 2)g(4>E,4>E)g(E,E) = -(k + 2) and we conclude 
that R = -(k + 2)Ri - 2(k + l)R 3 + fiR 4 + vR 7 . □ 

Remark 3.33. The expressions of the curvature tensor given in Corollary \3.10\ 
and Theorem \3.2S\ coincide with that of the previous corollary in dimension 3. This 
is true because the following equations hold in dimension 3 when the structure is 
almost cosymplectic or almost Kenmotsu: 



(3.29) 



i?2 — 3(i?i + -R3), Rq — —Rii Rs — —R~r- 
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If the manifold is an almost cosymplectic (k, fJ*,v)- space, it can also be proved 
that R§,2 — k(Ri + R3), so the curvature tensor can be written as 

R = — Ki?3 — i?52 — H>R§ — vRg, = —kRi — 2«i?3 + /ii?4 + vR-j. 

If the manifold is an almost Kenmotsu (k, (a, v) -space, it is also true that R5 2 — 
(k + l)(i?i + -R3), so the curvature tensor can be written as 

R = -Ri-(k+ 1)R 3 - i? 5 ,2 - (J-Re +R7-{v- l)i?s 
= - (« + 2)R 1 - 2(k + l)i? 3 + fiR 4 + vR 7 . 

Example 3.34. By the previous corollary, the examples of almost cosymplectic 
(— 1, /U, 0) -spaces (with fi varying only in the direction of that appear in [9] are 
in dimension 3 examples of g.(fc, /x)-s.f.'s M (/1, . . . , fe) with functions 

h = 1, /a = 0, / 3 = 2, / 4 = /x, /e = /e = 0. 



Analogously, the examples of almost Kenmotsu (—1 — A 2 , 0, 2)-spaces (with A a 
positive real number) that appear in [15) are examples of g.(«, (i, f)-s.f.'s M 3 (fi, . . . , /g 
wii/i functions: 

fx = -1 + A 2 , /a = 0, / 3 = 2A 2 , / 4 = / 5 = / 6 = 0, / 7 = 2, /„ = 0. 



Finally, it remains to be seen what happens if a 3-dimensional manifold is almost 
cosymplectic and satisfies n = or almost Kenmotsu and satisfies k = — 1 . In order 
to study the curvature tensor, we recall the next result: 

Proposition 3.35 ([!!])• If M 3 is a trans-Sasakian manifold (0,j3), then its cur- 
vature tensor can be written as 

R=(^ + 2P 2 + 2/3') Ri + (l+ 3/? 2 + 3/3') R 3 , 

where r is the scalar curvature of the manifold. 

If M 3 is an almost cosymplectic (k, fi, ^)-space with k = 0, then h = and M is 
cosymplectic by Proposition 13.31 By Proposition 13.351 (with /3 = 0), we have that 

T T 

the curvature tensor of the manifold can be written as R — —Ri H — i?3. which 

2 2 

coincides with the result obtained in Theorem 13.281 

Analogously, if M 3 is an almost Kenmotsu (k, /j,, z/)-space and K = — 1, then /i = 
and M is a Kenmotsu manifold by Proposition 13. 181 By virtue of Proposition 13. 351 
(with (3 — — 1), we obtain that the curvature tensor of the manifold can be written 

as R = (^— + 2) Ri + ^— + 3) -R3, which again coincides with Theorem 13.281 

References 

[1] P. Alegre, D. E. Blair and A. Carriazo. Generalized Sasakian-space-forms. Israel J. Math. 
141 (2004), 157-183. 

[2] K. Arslan, A. Carriazo, V. Martin-Molina and C. Murathan. The curvature tensor of (k, /i, v)- 
contact metric manifolds. arXiv:1109.625vl 

[3] D. E. Blair. Riemannian Geometry of Contact and Symplectic Manifolds. Second edition. 
Birkhauser, Boston, 2010. 

[4] D. E. Blair, T. Koufogiorgos and B. J. Papantoniou. Contact metric manifolds satisfying a 
nullity condition. Israel J. Math. 91 (1995), 189-214. 

[5] A. Carriazo and V. Martin-Molina. Generalized (re, /x)-spacc forms and D a -homothetic defor- 
mations. Balkan J. Geom. Appl. 6 (2011), no. 1, 37-47. 



ALMOST COSYMPLECTIC AND ALMOST KENMOTSU (re, u, y)-SPACES 



21 



[6] A. Carriazo, V. Martin-Molina and M. M. Tripathi. Generalized (ft, fu)-space forms. To be 

published in Mediterr. J. Math. 
[7] P. Dacko. On almost cosymplcctic manifolds with the structure vector field £ belonging to 

the re-nullity distribution. Balkan J. Geom. Appl. 5, no. 2 (2000), 47-60. 
[8] P. Dacko and Z. Olszak. On almost cosymplectic (re, fi, f)-spaces. Banach Center Publ. 69 

(2005), 211-220. 

[9] P. Dacko and Z. Olszak. On almost cosymplectic (— 1, fi, 0)-spaccs. Cent. Eur. J. Math. 3 
(2005), no. 2, 318-330. 

[10] H. Endo. On Ricci curvatures of almost cosymplectic manifolds. An. Stiint,. Univ. Al. I. 

Cuza Iasi. Mat. (N.S.) 40 (1994), 75-83. 
[11] H. Endo. On some properties of almost cosymplectic manifolds. An. Stiinf Univ. Al. I. Cuza 

Iasi. Mat. (N.S.) 42 (1996), 79-94. 
[12] H. Endo. On some invariant submanifolds in certain almost cosymplectic manifolds. An. 

Stiini. Univ. Al. I. Cuza Iasi. Mat. (N.S.) 43 (1997), 383-395. 
[13] H. Endo. Non-existence of almost cosymplectic manifols satisfying a certain condition. Tensor 

(N.S.) 63 (2002), 272-284. 
[14] G. Dileo and A. M. Pastore. Almost Kenmotsu Manifolds and local symmetry. Bull. Belg. 

Math. Soc. Simon Stevin 14 (2007), 343-354. 
[15] G. Dileo and A. M. Pastore. Almost Kenmotsu Manifolds and Nullity Distributions. J. Geom. 

93 (2009), 46-61. 

[16] T. W. Kim and H. K. Pak. Canonical foliations of certain classes of almost contact metric 

structures. Acta Math. Sin. (Engl. Ser.) 21 (2005), no. 4, 841-846. 
[17] T. Koufogiorgos. Contact Riemannian manifolds with constant 0-sectional curvature. Tokyo 

J. Math. 20 (1997), no. 1, 55-67. 
[18] T. Koufogiorgos, M. Markellos and V. J. Papantoniou. The harmonicity of the Reeb vector 

fields on contact metric 3-manifolds. Pacific J. Math. 234 (2008), no. 2, 325-344. 
[19] T. Koufogiorgos and C. Tsichlias. On the existence of a new class of contact metric manifolds. 

Canad. Math. Bull. 43 (2000), no. 4, 400-447. 
[20] Z. Olszak. On almost cosymplectic manifolds. Kodai Math. J. 4 (1981), 239-250. 
[21] Z. Olszak and R. Rosea. Normal locally conformal almost cosymplectic manifolds. Publ. 

Math. Debrecen 39 (1991), no. 3-4, 315-323. 
[22] H. Oztiirk, N. Aktan and C. Murathan. Almost a-cosymplectic (re, fj,, ^)-spaces. 

larXiv:1007.0527H . 

(Alfonso Carriazo and Veronica Martin-Molina) Department of Geometry and Topol- 
ogy, Faculty of Mathematics, University of Sevilla, Aptdo. de Correos 1160, 41080 
- Sevilla, SPAIN 

E-mail address, Alfonso Carriazo: carriazoSus . es 

E-mail address, Veronica Martin-Molina: veronicamartin9us.es 



